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Can Monte Carlo radiative transfer preserve a maximum principle?
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An infinite medium has a constant temperature for all time.
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An inflow problem temperature cannot exceed the boundary value.
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We want to solve the thermal radiative transfer (TRT) equations.

Find Iν and T satisfying:

1

c

∂Iν
∂t

+Ω · ∇Iν + σIν = σB ,

Cv
∂T

∂t
=

∫ ∞

0

∫

S2
σ(Iν −B) dν dΩ .
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For simplicity, we consider the “gray” TRT equations.

Find I and T satisfying:

1

c

∂I

∂t
+Ω · ∇I + σI =

cσ

4π
U(T ) , (1a)

Cv
∂T

∂t
= cσE − cσU(T ) , (1b)

where E = 1
c

∫
S2 I dΩ, U(T ) = aT 4, and a = 8π4k4

15h3c3 .
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The second moment system [1] is an equivalent reformulation.

Find E,F , and T satisfying:

∂E

∂t
+∇ · F + cσE = cσU(T ) , x ∈ D , (2a)

1

c

∂F

∂t
+

c

3
∇E + σF = −∇ ·R , x ∈ D , (2b)

Cv
∂T

∂t
= cσE − cσU(T ) , x ∈ D , (2c)

where R =
∫
S2 Ω⊗ΩI dΩ− 1

3I
∫
S2 I dΩ.

[1] Lewis and Miller, Trans. Am. Nucl. Soc. 23 (1976)
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Discretize the emission implicitly in time.

Ik+1 − Ik

c∆t
+Ω · ∇Ik+1 + σIk+1 =

cσ

4π
U(T k+1) , (3a)

Ek+1 − Ek

∆t
+∇ · F k+1 + cσEk+1 = cσU(T k+1) , x ∈ D , (3b)

F k+1 − F k

c∆t
+

c

3
∇Ek+1 + σF k+1 = −∇ ·Rk+1 , x ∈ D , (3c)

Cv

∆t
(T k+1 − T k) = cσEk+1 − cσU(T k+1) , x ∈ D . (3d)
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Drop the superscript (·)k+1 and replace (·)k with (·)∗.

∇ · F + cσ̃E = cσU(T ) +
1

∆t
E∗ , x ∈ D , (4a)

c

3
∇E + σ̃F = −∇ ·R+

1

c∆t
F ∗ , x ∈ D , (4b)

(
Cv

∆t
+ cσU(·)

)
T = cσE +

Cv

∆t
T ∗ , x ∈ D , (4c)

where σ̃ = σ + 1
c∆t .
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Compute the emission using T from the moment system.

Ω · ∇I + σ̃I =
cσ

4π
U(T ) + 1

c∆tI
∗

∇ · F + cσ̃E = cσU(T ) + 1
∆tE

∗ , x ∈ D ,

c
3∇E + σ̃F = −∇ ·R+ 1

c∆tF
∗ , x ∈ D ,

(
Cv

∆t + cσU(·)
)
T = cσE + Cv

∆tT
∗ , x ∈ D .

R(I) =
∫
S2 Ω⊗Ω I dΩ− 1

3 I
∫
S2 I dΩ

T
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Estimate R using Monte Carlo.

Ω · ∇I + σ̃I =
cσ

4π
U(T ) + 1

c∆tI
∗

∇ · F + cσ̃E = cσU(T ) + 1
∆tE

∗ , x ∈ D ,

c
3∇E + σ̃F = −∇ ·R+ 1

c∆tF
∗ , x ∈ D ,

(
Cv

∆t + cσU(·)
)
T = cσE + Cv

∆tT
∗ , x ∈ D .

R(I) =
∫
S2 Ω⊗Ω I dΩ− 1

3 I
∫
S2 I dΩ

T
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Nonlinearly solve the low-order system.

Ω · ∇I + σ̃I =
cσ

4π
U(T ) + 1

c∆tI
∗

∇ · F + cσ̃E = cσU(T ) + 1
∆tE

∗ , x ∈ D ,

c
3∇E + σ̃F = −∇ ·R+ 1

c∆tF
∗ , x ∈ D ,

(
Cv

∆t + cσU(·)
)
T = cσE + Cv

∆tT
∗ , x ∈ D .

R(I) =
∫
S2 Ω⊗Ω I dΩ− 1

3 I
∫
S2 I dΩ

T
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Iterate to converge the emission source.

Ω · ∇I + σ̃I =
cσ

4π
U(T ) + 1

c∆tI
∗

∇ · F + cσ̃E = cσU(T ) + 1
∆tE

∗ , x ∈ D ,

c
3∇E + σ̃F = −∇ ·R+ 1

c∆tF
∗ , x ∈ D ,

(
Cv

∆t + cσU(·)
)
T = cσE + Cv

∆tT
∗ , x ∈ D .

R(I) =
∫
S2 Ω⊗Ω I dΩ− 1

3 I
∫
S2 I dΩ

T
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Nonlinearly solving the low-order system requires inner iterations.

· · · · · ·

MC Solve
(T → R)

SMM Solve
(T,R → E,F )

Temperature Solve
(E → T )

1 Inner Iteration Nested
Newton
Iteration

1 Outer Iteration
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An infinite medium has a constant temperature for all time.

Simulate infinite medium with,

T = 1 keV,

σ = 1 cm−1, Cv = 0.1 GJ / cm3 keV,

20 ns = 200 ps × 100 timesteps.
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Plot material and radiation temperatures.

Simulate infinite medium with,

T = 1 keV,

σ = 1 cm−1, Cv = 0.1 GJ / cm3 keV,

20 ns = 200 ps × 100 timesteps.

Plot:

Tmat = T

Trad = (Ê/a)1/4

where Ê = 1
c∆t

1
V

∑
i diwi ≈ 1

c

∫
S2 I dΩ.
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Compare to Fleck & Cummings [2].

Simulate infinite medium with,

T = 1 keV,

σ = 1 cm−1, Cv = 0.1 GJ / cm3 keV,

20 ns = 200 ps × 100 timesteps.

Plot:

Tmat = T

Trad = (Ê/a)1/4

where Ê = 1
c∆t

1
V

∑
i diwi ≈ 1

c

∫
S2 I dΩ.

Compare to:

[2] Fleck and Cummings, J. Comput. Phys. 8, 313-342 (1971)
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Model an infinite medium in the unit square.

0 1

1

F · n = 0

F · n = 0

F · n = 0 F · n = 0
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Reflecting boundary conditions emulate an infinite domain.

0 1

1

F · n = 0

F · n = 0

F · n = 0 F · n = 0
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Use 10× 10 mesh of squares and measure temperature at a point.

0 1

1

F · n = 0

F · n = 0

F · n = 0 F · n = 0
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Fleck & Cummings and the iterative method give similar results.
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These are the same plots from the previous slide.

Fleck &
Cummings

Iterative
Method

1 keV & 105 particles 2 keV & 106 particles 4 keV & 107 particles
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Increasing T 4 by 16x requires ∼10x more particles to converge.

Fleck &
Cummings

Iterative
Method

1 keV & 105 particles 2 keV & 106 particles 4 keV & 107 particles
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Increasing T 4 by 256x requires ∼100x more particles to converge.

Fleck &
Cummings

Iterative
Method

1 keV & 105 particles 2 keV & 106 particles 4 keV & 107 particles
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The emission source in Fleck & Cummings is attenuated by f .

1

c

∂I

∂t
+Ω · ∇I + σI =

1− f

4π
σ

∫

S2
I dΩ +

f

4π
cσU(T ) ,

where f = 1
1+αβσc∆t ∈ (0, 1] with α ∈ [0, 1], β = 4aT 3

Cv
, and ∆t ∈ (0,∞).

1

c

∂I

∂t
+Ω · ∇I + σI =

cσ

4π
U(T )

[3] Pozulp and Haut, JCTT (2026) doi.org/10.1080/23324309.2026.2638245
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Un-attenuated emission leads to unbounded variance [3].

1

c

∂I

∂t
+Ω · ∇I + σI =

1− f

4π
σ

∫

S2
I dΩ +

f

4π
cσU(T ) ,

where f = 1
1+αβσc∆t ∈ (0, 1] with α ∈ [0, 1], β = 4aT 3

Cv
, and ∆t ∈ (0,∞).

1

c

∂I

∂t
+Ω · ∇I + σI =

cσ

4π
U(T )

[3] Pozulp and Haut, JCTT (2026) doi.org/10.1080/23324309.2026.2638245
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An inflow problem temperature cannot exceed the boundary value.

Simulate inflow problem with,

Tboundary = 1 keV,

∆t = 4 ns, 2 ns, 1 ns, tfinal = 8 ns,
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Model the inflow problem on the unit square.

Simulate inflow problem with,

Tboundary = 1 keV,

∆t = 4 ns, 2 ns, 1 ns, tfinal = 8 ns,

D = [0, 1]2 and 1,000,000 particles,
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The domain temperature is initially 10x colder than the inflow.

Simulate inflow problem with,

Tboundary = 1 keV,

∆t = 4 ns, 2 ns, 1 ns, tfinal = 8 ns,

D = [0, 1]2 and 1,000,000 particles,

σ = 1 cm−1, Cv = 0.1 GJ / cm3 keV,

Tinitial = 0.1 keV.
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Plot a temperature lineout at y = 0.5.

Simulate inflow problem with,

Tboundary = 1 keV,

∆t = 4 ns, 2 ns, 1 ns, tfinal = 8 ns,

D = [0, 1]2 and 1,000,000 particles,

σ = 1 cm−1, Cv = 0.1 GJ / cm3 keV,

Tinitial = 0.1 keV.

Plot:

T lineout at y = 0.5
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Compare to Fleck & Cummings [2].

Simulate inflow problem with,

Tboundary = 1 keV,

∆t = 4 ns, 2 ns, 1 ns, tfinal = 8 ns,

D = [0, 1]2 and 1,000,000 particles,

σ = 1 cm−1, Cv = 0.1 GJ / cm3 keV,

Tinitial = 0.1 keV.

Plot:

T lineout at y = 0.5

Compare to:

[2] Fleck and Cummings, J. Comput. Phys. 8, 313-342 (1971)
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The inflow problem has one inflow and three vacuum boundaries.

0 1

1

Inflow
T = 1
(keV)

Vacuum

Vacuum

Vacuum
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Use a 40× 40 mesh of squares.

0 1

1

Inflow
T = 1
(keV)

Vacuum

Vacuum

Vacuum
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Measure temperature along the line y = 0.5.

0 1

1

Inflow
T = 1
(keV)

Vacuum

Vacuum

Vacuum
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Fleck & Cummings’ maximum principle violation worsens with ∆t.
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The iterative method does not violate the maximum principle.

Note: explicit MC diverges unless timestep is refined by a factor of 4.
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Iterations per timestep do not increase with timestep size.

∆t (ns)

4 2 1

# of Timesteps 2 4 8
f (# Outer per Timestep) 3 3 3

f (# Inner per Outer) 2 2 2
f (# NN per Inner) 3 2 2

where f(·) = floor(average(·)).
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Fleck & Cummings and iterative method agree for refined ∆t.
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We created & demonstrated a new iterative method for gray TRT.

Numerical Method
Numerical Results
1) Infinite Medium
2) Inflow Problem

Conclusion
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More research is required to improve the method.

Gray priorities:

Variance reduction

Linear temperatures

Multifrequency considerations:

Gray collapse

Scattering

Miscellaneous:

Hybridization
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Testing eqs. (4a) to (4c) with u and v gives a weak form.

Find (F , E, T ) ∈ RT0 × Y0 × Y0 such that,
∫

σ̃v · F dx− c

3

∫
∇ · vE dx = qF , ∀v ∈ RT0 ,

∫
u∇ · F dx+ c

∫
uσ̃E dx− c

∫
uσU(T ) dx = qE , ∀u ∈ Y0 ,

−c

∫
uσE dx+

∫
u

(
Cv

∆t
+ cσU(·)

)
T dx = qT , ∀u ∈ Y0 .

The block system is,


MF − c

3D
D ME −B(·)

−Ma −B̃(·)





F
E
T


 =



qF
qE
qT


 .
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The weak form can be written as a block system.

Find (F , E, T ) ∈ RT0 × Y0 × Y0 such that,
∫

σ̃v · F dx− c

3

∫
∇ · vE dx = qF , ∀v ∈ RT0 ,

∫
u∇ · F dx+ c

∫
uσ̃E dx− c

∫
uσU(T ) dx = qE , ∀u ∈ Y0 ,

−c

∫
uσE dx+

∫
u

(
Cv

∆t
+ cσU(·)

)
T dx = qT , ∀u ∈ Y0 .

The block system is,


MF − c

3D
D ME −B(·)

−Ma −B̃(·)





F
E
T


 =



qF
qE
qT


 . (5)
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Apply Newton’s method to the block system in eq. (5).



MF − c

3D
D ME −δB(·)

−Ma −δB̃(·)






F
E

T − T0


 =




qF
qE +B(T0)

qT + B̃(T0)




T − T0 = (δB̃)−1(qT − B̃(T0) +MaE)

[
ME − δB(δB̃)−1Ma D

− c
3D

T MF

] [
E
F

]
=

[
qE +B(T0) + δB(δB̃)−1

(
qT − B̃(T0)

)

qF

]
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Eliminate temperature by “solving” the third row for T − T0.



MF − c

3D
D ME −δB(·)

−Ma −δB̃(·)






F
E

T − T0


 =




qF
qE +B(T0)

qT + B̃(T0)




T − T0 = (δB̃)−1(qT − B̃(T0) +MaE)

[
ME − δB(δB̃)−1Ma D

− c
3D

T MF

] [
E
F

]
=

[
qE +B(T0) + δB(δB̃)−1

(
qT − B̃(T0)

)

qF

]
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Substitute T − T0 equation into second row to get 2× 2 system.



MF − c

3D
D ME −δB(·)

−Ma −δB̃(·)






F
E

T − T0


 =




qF
qE +B(T0)

qT + B̃(T0)




T − T0 = (δB̃)−1(qT − B̃(T0) +MaE)

[
ME − δB(δB̃)−1Ma D

− c
3D

T MF

] [
E
F

]
=

[
qE +B(T0) + δB(δB̃)−1

(
qT − B̃(T0)

)

qF

]
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We iterate to converge T for a fixed R from the last MC solve.

[
ME − δB(δB̃)−1Ma D

− c
3D

T MF

] [
E
F

]
=

[
qE +B(T ) + δB(δB̃)−1(qT − B̃(T ))

qF

]
B̃(T ) = MaE + qT

E

T
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Fleck & Cummings [1] is equivalent to a single Newton step.

1

c

∂I

∂t
+Ω · ∇I + σI =

1− f

4π
σ

∫

S2
I dΩ +

f

4π
cσU(T ) ,

Cv
∂T

∂t
= fcσE − fcσU(T ) ,

where f = 1
1+αβσc∆t , β = 4aT 3

Cv
, α ∈ [0, 1] and ∆t ∈ (0,∞).

[1] Fleck and Cummings, J. Comput. Phys. 8, 313-342 (1971)
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