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We describe a new method that did not immediately work.

Hybrid Second Moment Method
Numerical Results
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We needed variance reduction.

Hybrid Second Moment Method
Numerical Results
Noisy Crooked Pipe
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Incorrect Crooked Pipe
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Fixing the noise issue created a new problem.

Hybrid Second Moment Method
Numerical Results
Noisy Crooked Pipe

Variance Reduction
Incorrect Crooked Pipe
Correct Crooked Pipe

Conclusion
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We fixed that problem too.

Hybrid Second Moment Method
Numerical Results
Noisy Crooked Pipe

Variance Reduction
Incorrect Crooked Pipe
Correct Crooked Pipe

Conclusion
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Hybrid Second Moment (HSM) solves a linear transport equation.

Ω · ∇ψ + σtψ =
σs
4π

∫

S2
ψ dΩ′ + q

ψ(x,Ω) = ψinc(x,Ω) , x ∈ ∂D and Ω · n < 0 .
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Subject to an inflow boundary condition.

Ω · ∇ψ + σtψ =
σs
4π

∫

S2
ψ dΩ′ + q , (1a)

ψ(x,Ω) = ψinc(x,Ω) , x ∈ ∂D and Ω · n < 0 . (1b)
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This system is an equivalent reformulation of eqs. (1a) and (1b).

∇ · J + σaφ = Q0, x ∈ D , (2a)

1

3
∇φ+ σtJ = Q1 −∇ ·T, x ∈ D . (2b)

J · n =
1

2
φ+ 2Jin + β, x ∈ ∂D . (2c)
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We compute the scattering using φ from the moment system.

Ω · ∇ψ + σtψ =
σs
4π
φ+ q ,

ψ(x,Ω) = ψ̄(x,Ω) , x ∈ ∂D and Ω · n < 0 .

∇ · J + σaφ = Q0 , x ∈ D ,
1
3∇φ+ σtJ = Q1 −∇ ·T , x ∈ D ,
J · n = 1

2φ+ 2Jin + β , x ∈ ∂D .

T(ψ) =
∫
S2 Ω⊗Ωψ dΩ− 1

3I
∫
S2 ψ dΩ

β(ψ) =
∫
S2 |Ω · n|ψ dΩ− 1

2

∫
S2 ψ dΩ

φ
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We estimate T and β using Monte Carlo.

Ω · ∇ψ + σtψ =
σs
4π
φ+ q ,

ψ(x,Ω) = ψ̄(x,Ω) , x ∈ ∂D and Ω · n < 0 .

∇ · J + σaφ = Q0 , x ∈ D ,
1
3∇φ+ σtJ = Q1 −∇ ·T , x ∈ D ,
J · n = 1

2φ+ 2Jin + β , x ∈ ∂D .

T(ψ) =
∫
S2 Ω⊗Ωψ dΩ− 1

3I
∫
S2 ψ dΩ

β(ψ) =
∫
S2 |Ω · n|ψ dΩ− 1

2

∫
S2 ψ dΩ

φ
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We solve the moment system using the finite element method.

Ω · ∇ψ + σtψ =
σs
4π
φ+ q ,

ψ(x,Ω) = ψ̄(x,Ω) , x ∈ ∂D and Ω · n < 0 .

∇ · J + σaφ = Q0 , x ∈ D ,
1
3∇φ+ σtJ = Q1 −∇ ·T , x ∈ D ,
J · n = 1

2φ+ 2Jin + β , x ∈ ∂D .

T(ψ) =
∫
S2 Ω⊗Ωψ dΩ− 1

3I
∫
S2 ψ dΩ

β(ψ) =
∫
S2 |Ω · n|ψ dΩ− 1

2

∫
S2 ψ dΩ

φ
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We iterate to converge the scattering source.

Ω · ∇ψ + σtψ =
σs
4π
φ+ q ,

ψ(x,Ω) = ψ̄(x,Ω) , x ∈ ∂D and Ω · n < 0 .

∇ · J + σaφ = Q0 , x ∈ D ,
1
3∇φ+ σtJ = Q1 −∇ ·T , x ∈ D ,
J · n = 1

2φ+ 2Jin + β , x ∈ ∂D .

T(ψ) =
∫
S2 Ω⊗Ωψ dΩ− 1

3I
∫
S2 ψ dΩ

β(ψ) =
∫
S2 |Ω · n|ψ dΩ− 1

2

∫
S2 ψ dΩ

φ
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The Crooked Pipe is commonly used for comparing methods.

thin thick
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We use a mesh of squares of equal size.

thin thick

↓

...
224× 128 = 28, 672
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The horizontal symmetry of CP allows top/bottom plots.

Treatment

Control
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Our method is much more noisy than unaccelerated Monte Carlo.
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The rest of this talk is about variance reduction.

Hybrid Second Moment Method
Numerical Results
Noisy Crooked Pipe

Variance Reduction
Incorrect Crooked Pipe
Correct Crooked Pipe

Conclusion
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The thick diffusion limit is when ϵ ∈ (0, 1]→ 0.

σt = 1/ϵ , (3a)

σa = ϵ , (3b)

σs = σt − σa , (3c)

q = ϵ . (3d)
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The variance depends on the magnitude of the source function.

Theorem

Let Q = σs
4πφ+ q such that,

Ω · ∇ψ + σtψ = Q .

Then Var[·] is,
(order(Q))2 ϵ .
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Compute the deviation of the intensity from isotropy.

Substitute ψ = φ
4π + ψ̃ into:

Ω · ∇ψ + σtψ =
σs
4π
φ+ q ,

to get,

Ω · ∇ψ̃ + σtψ̃ = − 1

4π
(σaφ+Ω · ∇φ) + q . (4)
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The new solution is incorrect on material interfaces.
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Modify the approach by replacing φ with φ̄.

Before, we substituted ψ = φ
4π + ψ̃ to get:

Ω · ∇ψ̃ + σtψ̃ = − 1

4π
(σaφ+Ω · ∇φ) + q .

Now, substitute ψ = φ̄
4π + ψ̃ to get:

Ω · ∇ψ̃ + σtψ̃ =
σt
4π

(φ− φ̄)− 1

4π
(σaφ+Ω · ∇φ̄) + q . (5)
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How should we choose φ̄ ?

Requirements:

1. ∇φ̄ is well-defined

2. φ− φ̄ is O(1/σt)
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Solve a transient heat conduction equation for φ̄.

Requirements:

1. ∇φ̄ is well-defined

2. φ− φ̄ is O(1/σt)

∂φ̄

∂t
= ∇ · 1

σt
∇φ̄, x ∈ D , (6)

Take one timestep,

∆t

h2
1

maxx σt
≪ 1 . (7)
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The solution on material interfaces is no longer incorrect.
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The noise is gone, and the solution is not incorrect.
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Our method runs very fast.

Runtime Variance FOM

HSM 0m 22s 3.66 · 10−4 124.2

UMC 41m 35s 5.20 · 10−5 7.7
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The figure of merit is much higher for HSM than for UMC.

Runtime Variance FOM

HSM 0m 22s 3.66 · 10−4 124.2

UMC 41m 35s 5.20 · 10−5 7.7

LLNL-PRES-2005149
28



We conclude that our hybrid method seems useful.

Hybrid Second Moment Method
Numerical Results
Noisy Crooked Pipe

Variance Reduction
Incorrect Crooked Pipe
Correct Crooked Pipe

Conclusion
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Could it be competitive with DDMC?

HSM DDMC

Orders of magnitude speedups ✓ ✓
No diffusion approximation ✓ ×
No phase-space partitioning ✓ ×

No issues with unstructured meshes ✓ ×
No iteration × ✓

No linear solver × ✓
No negative energy-weight × ✓

Demonstrated in production calculations × ✓
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We describe a new hybrid method that did not immediately work.

Motivation
Prior Work
Hybrid Second Moment Method

Deterministic Component of HSM
Monte Carlo Component of HSM

Numerical Results
Method of Manufactured Solutions Verification
Noisy Crooked Pipe

Variance Reduction
Difference Formulation
Incorrect Crooked Pipe
Generalized Difference Formulation
Correct Crooked Pipe

Conclusion
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Can we make Monte Carlo faster without sacrificing accuracy?

Why Monte Carlo?

Why IMC?

Why not RW?

Why not DDMC?

Why not Cooper, Lam, Novellino,
Park, Pasmann, Willert, or any other
hybrid methods?

Progress Porting LLNL Monte Carlo
Transport Codes to the AMD Instict
MI300A APU at 1:25 PM today in
Special Session on GPU Computing

llnl.gov/article/52336/llnl-dedicates-el-capitan-ushering-new-era-

supercomputing-national-security
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Hybrid Second Moment (HSM) solves a linear transport equation.

Ω · ∇ψ + σtψ =
σs
4π

∫

S2
ψ dΩ′ + q , (8a)

ψ(x,Ω) = ψinc(x,Ω) , x ∈ ∂D and Ω · n < 0 . (8b)
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This system is an equivalent reformulation of eqs. (8a) and (8b).

∇ · J + σaφ = Q0, x ∈ D , (9a)

1

3
∇φ+ σtJ = Q1 −∇ ·T, x ∈ D . (9b)

J · n =
1

2
φ+ 2Jin + β, x ∈ ∂D . (9c)
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The Second Moment Method iterates the scattering source.

Ω · ∇ψ + σtψ =
σs
4π
φ+ q ,

ψ(x,Ω) = ψ̄(x,Ω) , x ∈ ∂D and Ω · n < 0 .

∇ · J + σaφ = Q0 , x ∈ D ,
1
3∇φ+ σtJ = Q1 −∇ ·T , x ∈ D ,
J · n = 1

2φ+ 2Jin + β , x ∈ ∂D .

T(ψ) =
∫
S2 Ω⊗Ωψ dΩ− 1

3I
∫
S2 ψ dΩ

β(ψ) =
∫
S2 |Ω · n|ψ dΩ− 1

2

∫
S2 ψ dΩ

φ
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The deterministic component of HSM solves the moment system.

Find (φ,J) ∈ Yp ×RTp such that,

∫
u∇ · J dx+

∫
σa uφdx =

∫
uQ0 dx , ∀u ∈ Yp , (10a)

− 1

3

∫
∇·v φdx+

∫
σt v ·J dx+

2

3

∫

Γb

(v ·n)(J ·n) ds =
∫

v ·Q1 dx−
∫

Γb

v ·Tnds

+
2

3

∫

Γb

(v · n)(2Jin + β) ds−
∫

Γ0

JvK · {{Tn}}ds+
∫
∇hv : Tdx ∀v ∈ RTp .

(10b)
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The Monte Carlo component of HSM has no scattering events.

Estimate T̂ = P̂− 1
3Iϕ̂ and β̂ = B̂ − 1

2 ϕ̂s using:

ϕ̂ =
1

V

∑

i

diwi , P̂ =
1

V

∑

i

Ωi ⊗Ωi diwi , (11a)

B̂ =
2

A

∑

i

wi , ϕ̂s =
2

A

∑

i

wi

|Ωi · n|
. (11b)

While solving:

Ω · ∇ψ + σtψ =
σs
4π
φ+ q , (12a)

ψ(x,Ω) = ψinc(x,Ω) , x ∈ ∂D and Ω · n < 0 . (12b)

LLNL-PRES-2005149
39



Using MC allows us to move fixed sources out of the iteration.

1: ϕ̂(0), T̂
(0)
, β̂(0) ← mc(q, ψinc) ▷ Sample the fixed sources q and ψinc

2: i← 1
3: while not converged(ϕ̂(i−1), ϕ̂(i)) do

4: φ(i) ← sm(Q0,Q1, T̂
(i−1)

, β̂(i−1))

5: ϕ̂temp, T̂temp, β̂temp ← mc(φ(i)) ▷ Sample the variable source
σs
4π
φ(i)

6: ϕ̂(i) ← ϕ̂(0) + ϕ̂temp

7: T̂
(i) ← T̂

(0)
+ T̂temp

8: β̂(i) ← β̂(0) + β̂temp

9: i← i+ 1
10: end while
11: return ϕ̂(i)
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The HSM error surface height is lowest in the north-east.

48 49 410 411 412 413 414

22

23

24

25

26

Particle
scaling
study

Element
scaling
studyDirection

of decreasing
numerical error

Number of MC particles

In
ve
rs
e
el
em

en
t
w
id
th

The HSM error is:

O(h) +O(N−1/2)
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We verified HSM using the Method of Manufactured Solutions.

ψMMS(x,Ω) =
1

4π

(
sin(πx) sin(πy) +ΩxΩy sin(2πx) sin(2πy)

+Ω2
x sin

(5π
2
x+

π

4

)
sin
(5π

2
y +

π

4

)
+ 0.5

)
, (13a)

ϕMMS(x) =

∫

S2
ψMMS(x,Ω) dΩ , (13b)

ϕ̄MMS(x1, x2, y1, y2) =
1

((x2 − x1)(y2 − y1))

∫ x2

x1

∫ y2

y1

ϕMMS(x) dy dx . (13c)
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The MMS solution that we seek with HSM is a histogram.
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We observed the hypothesized error for the MMS problem.
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HSM is faster than unaccelerated MC (UMC) in the TDL.

Thick Diffusion Limit (TDL):

σt → σt/ϵ , (14a)

σa → ϵσa , (14b)

σs = σt − σa , (14c)

q → ϵq , (14d)

for the TDL parameter ϵ ∈ (0, 1], and let:

ϵ→ 0 . (14e)
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The Crooked Pipe is commonly used for comparing TRT methods.
Is
ot
ro
p
ic
In
flo
w

(0,-2) (7,-2)

(7,2)(0,2) Vacuum

Vacuum

V
acu

u
m

σt = 0.2 cm−1
σa = 10−3 cm−1

σt = 200 cm−1
σa = 10−3 cm−1

2.5 cm 5 mm 1 cm 5 mm 2.5 cm

1.5 cm

1 cm

1.5 cm

↓

...
224× 128 = 28, 672
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The horizontal symmetry of CP allows top/bottom plots.

Treatment

Control
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HSM is much more noisy than unaccelerated Monte Carlo.
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The HSM variance is very large in the Thick Diffusion Limit.

Var[ϕ̂] ≈ 1

600

600∑

i=1

(ϕ̂i − Φ)2 , (15)

where Φ is the mean estimate defined by,

Φ =
1

600

600∑

i=1

ϕ̂i . (16)
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The rest of this talk is about variance reduction.

Motivation
Prior Work
Hybrid Second Moment Method

Deterministic Component of HSM
Monte Carlo Component of HSM

Numerical Results
Method of Manufactured Solutions Verification
Noisy Crooked Pipe

Variance Reduction
Difference Formulation
Incorrect Crooked Pipe
Generalized Difference Formulation
Correct Crooked Pipe

Conclusion
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Compute the deviation of the intensity from isotropy.

Substitute ψ = φ
4π + ψ̃ into:

Ω · ∇ψ + σtψ =
σs
4π
φ+ q , (17a)

ψ(x,Ω) = ψinc(x,Ω) , x ∈ ∂D and Ω · n < 0 . (17b)

to get,

Ω · ∇ψ̃ + σtψ̃ = − 1

4π
(σaφ+Ω · ∇φ) + q , (18a)

ψ̃(x,Ω) = ψinc(x,Ω)− φ(x)

4π
, x ∈ ∂D and Ω · n < 0 . (18b)
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This approach requires ∇φ and a variable boundary source.

Fixed Variable

Volume q
σs
4π
φ O(ϵ) O(1/ϵ)

Boundary ψinc 0 O(1) N/A

Volume q − 1
4π (σaφ+Ω · ∇φ) O(ϵ) O(1)

Boundary ψinc − φ

4π
O(1) O(1)
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The new variance Var[ϕ̂new] is ≪ Var[ϕ̂] in the TDL (ϵ≪ ϵ−1).
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The new solution is incorrect on material interfaces.
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Modify the approach by replacing φ with φ̄.

Before, we substituted ψ = φ
4π + ψ̃ to get:

Ω · ∇ψ̃ + σtψ̃ = − 1

4π
(σaφ+Ω · ∇φ) + q , (19a)

ψ̃(x,Ω) = ψinc(x,Ω)− φ(x)

4π
, x ∈ ∂D and Ω · n < 0 . (19b)

Now, substitute ψ = φ̄
4π + ψ̃ to get:

Ω · ∇ψ̃ + σtψ̃ =
σt
4π

(φ− φ̄)− 1

4π
(σaφ+Ω · ∇φ̄) + q , (20a)

ψ̃(x,Ω) = ψinc(x,Ω)− φ̄(x)

4π
, x ∈ ∂D and Ω · n < 0 . (20b)
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Choose φ̄ such that ∇φ̄ is well-defined and φ− φ̄ is O(1/σt).

Fixed Variable

Volume q
σs
4π
φ O(ϵ) O(1/ϵ)

Boundary ψinc 0 O(1) N/A

Volume q − 1
4π (σaφ+Ω · ∇φ) O(ϵ) O(1)

Boundary ψinc − φ

4π
O(1) O(1)

Volume q σt
4π (φ− φ̄)− 1

4π (σaφ+Ω · ∇φ̄) O(ϵ) O(?)

Boundary ψinc − φ̄

4π
O(1) O(1)
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Solve a transient heat conduction equation for φ̄.

∂φ̄

∂t
= ∇ · 1

σt
∇φ̄, x ∈ D , (21a)

φ̄(x, 0) = φ(x), x ∈ D , (21b)

φ̄(x, t) = φ(x), x ∈ ∂D . (21c)

Take one small timestep such that,

∆t

h2
1

maxx σt
≪ 1 . (22)
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Discretize space using discontinuous finite elements.

Find φ̄ ∈ Yp such that,

∂

∂t

∫
u φ̄dx−

∫

Γb

u

(
1

σt
∇φ̄
)
· nds+

∫
∇u · 1

σt
∇φ̄dx

−
∫

Γ0

{{
1

σt
∇φ̄ · n

}}
JuKds+ σ

∫

Γ0

Jφ̄K
{{

1

σt
∇u · n

}}
ds =

− σ
∫

Γb

φ

(
1

σt
∇u · n

)
ds− k

∫

Γb

{{
1

h

1

σt

}}
φuds , ∀u ∈ Yp . (23)

LLNL-PRES-2005149
58



Discretize time using backward Euler.

Let Φ contain L2 dofs for φ̄. Then,

M
dΦ

dt
= −KΦ+ f . (24)

Backward Euler is,

M
Φn+1 − Φn

∆t
= −KΦn+1 + f . (25)

Thus,
(M +∆tK)Φn+1 =MΦn +∆t f . (26)

Define parameter α such that,

∆t = αh2
(
max
x

σt

)
. (27)
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The solution on material interfaces is no longer incorrect.
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The generalized variance reduction fixes the noise issue.
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The figure of merit is much higher for HSM than for UMC.

Runtime Variance FOM

HSM 0m 22s 3.66 · 10−4 124.2

UMC 41m 35s 5.20 · 10−5 7.7
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Could HSM be competitive with IMD or DDMC?

HSM DDMC

Orders of magnitude speedups ✓ ✓
No diffusion approximation ✓ ×
No phase-space partitioning ✓ ×

No issues with unstructured meshes ✓ ×
No iteration × ✓

No linear solver × ✓
No difference formulation × ✓

Demonstrated in production calculations × ✓
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Conclusion: the HSM method described in this talk seems useful.

Motivation
Prior Work
Hybrid Second Moment Method

Deterministic Component of HSM
Monte Carlo Component of HSM

Numerical Results
Method of Manufactured Solutions Verification
Noisy Crooked Pipe

Variance Reduction
Difference Formulation
Incorrect Crooked Pipe
Generalized Difference Formulation
Correct Crooked Pipe

Conclusion
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The future work for HSM is a path to production calculations.

1. time dependence, ψ(x,Ω, t)

2. frequency dependence, ψ(x,Ω, t, ν)

3. 1D Spherical, 2D RZ, and 3D

4. hydrodynamics coupling

5. physical scattering

6. graphics processors

7. spectral line transport

8. high order

Progress Porting LLNL Monte Carlo
Transport Codes to the AMD Instict
MI300A APU at 1:25 PM today in
Special Session on GPU Computing

llnl.gov/article/52336/llnl-dedicates-el-capitan-ushering-new-era-

supercomputing-national-security
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Only 8% of the HSM runtime is in the deterministic component.

./hyr

Total samples: 23653

Focusing on: 23653

Dropped nodes with <= 118 abs(samples)

Dropped edges with <= 23 samples

__libc_start_main

0 (0.0%)

of 23651 (100.0%)

main

0 (0.0%)

of 23651 (100.0%)

23651

_start

0 (0.0%)

of 23651 (100.0%)

23651

run_hybrid

3 (0.0%)

of 23651 (100.0%)

23651

mc

6683 (28.3%)

of 20745 (87.7%)

20745

PMPI_Allreduce

0 (0.0%)

of 3062 (12.9%)

718

sm

0 (0.0%)

of 1893 (8.0%)

1893

create_mixedsmm

0 (0.0%)

of 145 (0.6%)

145

tally_flux.isra.0

4749 (20.1%)

of 5469 (23.1%)

5469

f64xsubf128

3095 (13.1%)

2637

1817

PMPI_Reduce

0 (0.0%)

of 2914 (12.3%)

2912

sincos

909 (3.8%)

43

move_particle

242 (1.0%)

of 800 (3.4%)

800

__memcpy_avx512_unaligned_erms

122 (0.5%)

102

psm_progress_wait

860 (3.6%)

of 5966 (25.2%)

psm2_mq_ipeek2

3389 (14.3%)

of 4656 (19.7%)

4656

_init@69000

274 (1.2%)

184

psm_no_lock

257 (1.1%)

257

227473

psm2_poll

587 (2.5%)

of 1276 (5.4%)

1267

MPIDI_CH3I_SHMEM_COLL_GetShmemBuf

506 (2.1%)

of 4551 (19.2%)

3924

87

MPIR_Allreduce_impl

0 (0.0%)

of 3060 (12.9%)

3056

MPIR_Allreduce_index_tuned_intra_MV2

0 (0.0%)

of 3060 (12.9%)

3060

MPIR_Allreduce_two_level_MV2

0 (0.0%)

of 1660 (7.0%)

1660

MPIR_Allreduce_pt2pt_rs_MV2

0 (0.0%)

of 1383 (5.8%)

1383

MPIR_Reduce_MV2

0 (0.0%)

of 2914 (12.3%)

MPIR_Reduce_index_tuned_intra_MV2

0 (0.0%)

of 2914 (12.3%)

2914

MPIR_Reduce_impl

0 (0.0%)

of 2914 (12.3%)

2914

MPIR_Reduce_two_level_helper_MV2

0 (0.0%)

of 2912 (12.3%)

2912

2914

MPIR_Reduce_shmem_MV2

0 (0.0%)

of 2912 (12.3%)

2912

2912

MixedSMM

Solve

0 (0.0%)

of 907 (3.8%)

907

MixedSMM

SolveConductionEquation

0 (0.0%)

of 486 (2.1%)

486

MixedSMM

DomainEval

3 (0.0%)

of 430 (1.8%)

430

MPIR_Allreduce_reduce_shmem_MV2

0 (0.0%)

of 1649 (7.0%)

1649

1639

MPIC_Recv.constprop.0@dc220

0 (0.0%)

of 1221 (5.2%)

1221

MPIC_Send.constprop.0

0 (0.0%)

of 158 (0.7%)

158

MPID_Recv

0 (0.0%)

of 1305 (5.5%)

psm_recv

2 (0.0%)

of 1305 (5.5%)

1305

psm_try_complete

0 (0.0%)

of 1296 (5.5%)

1296

1296

PSM2_1.0

565 (2.4%)

of 708 (3.0%)

531

psm2_epaddr_getctxt

158 (0.7%)

158

1221

BlockDirectSolver

Mult

0 (0.0%)

of 901 (3.8%)

901

mfem

SuperLUSolver

Mult

0 (0.0%)

of 901 (3.8%)

901

mfem

SuperLUSolver

ArrayMult

0 (0.0%)

of 901 (3.8%)

pdgssvx

1 (0.0%)

of 901 (3.8%)

901

901

get_perm_c_parmetis

0 (0.0%)

of 379 (1.6%)

379

pdgstrs

27 (0.1%)

of 275 (1.2%)

103
pdgsrfs

0 (0.0%)

of 181 (0.8%)

181

pdgstrf

6 (0.0%)

of 130 (0.5%)

130

168367

229

DGConduction

Solve

0 (0.0%)

of 467 (2.0%)

467

MPIR_Waitall_impl

1 (0.0%)

of 483 (2.0%)

475

mfem

HypreSolver

Mult

0 (0.0%)

of 467 (2.0%)

467

mfem

HyprePCG

Mult

0 (0.0%)

of 467 (2.0%)

hypre_PCGSolve

1 (0.0%)

of 425 (1.8%)

425

467

PMPI_Waitall

0 (0.0%)

of 434 (1.8%)

434

allreduce_scalar

0 (0.0%)

of 425 (1.8%)

425

425

hypre_BoomerAMGSolve

0 (0.0%)

of 417 (1.8%)

417

hypre_BoomerAMGCycle

0 (0.0%)

of 417 (1.8%)

hypre_BoomerAMGRelax

0 (0.0%)

of 275 (1.2%)

275

417

hypre_ParCSRCommHandleDestroy

0 (0.0%)

of 391 (1.7%)

391

ParMETIS_V3_NodeND

0 (0.0%)

of 375 (1.6%)

375

ParMETIS_V32_NodeND

0 (0.0%)

of 374 (1.6%)

374

libparmetis__MultilevelOrder

0 (0.0%)

of 313 (1.3%)

313

libparmetis__Order_Partition_Multiple

0 (0.0%)

of 309 (1.3%)

309

libparmetis__Order_Partition.localalias

0 (0.0%)

of 303 (1.3%)

303

libparmetis__InitMultisection

0 (0.0%)

of 303 (1.3%)

METIS_ComputeVertexSeparator

0 (0.0%)

of 233 (1.0%)

233

303

hypre_BoomerAMGRelaxHybridGaussSeidel_core

9 (0.0%)

of 275 (1.2%)

275

262

MPI_Isend

1 (0.0%)

of 144 (0.6%)

59

libmetis__MlevelNodeBisectionMultiple

0 (0.0%)

of 231 (1.0%)

231

libmetis__MlevelNodeBisectionL2

0 (0.0%)

of 178 (0.8%)

178

MPID_Isend

10 (0.0%)

of 210 (0.9%)

MPIDI_CH3_EagerContigIsend

5 (0.0%)

of 191 (0.8%)

191

psm_isendv

11 (0.0%)

of 186 (0.8%)

186

psm_isend_pkt

0 (0.0%)

of 144 (0.6%)

144

172

158

MixedSMM

MixedSMM

0 (0.0%)

of 145 (0.6%)

145

143

psm2_mq_isend2

2 (0.0%)

of 143 (0.6%)

143

141

libmetis__Match_SHEM

51 (0.2%)

of 132 (0.6%)
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The HSM iteration converges quickly.

defaults=”
runvars.convergence criterion = 0.001;
runvars.num bdr src particles = 16e6;
runvars.num vol src particles = 16e6;
runvars.mesh = [[lcp5.mesh]];
runvars.output root filename = ”

srun -n112 ./hyr lcp.lua -e ”$defaults
[[hsm lcp 16e6 16e6]]”

Running lcp5.mesh-16000000-16000000 (mesh-np)
The total weight is 0.50005
The total weight is -1.50598
Cycle 1: Maxres 0.00e+00 0.00e+00 Runtime 8.96e-01 4.78e+00
The total weight is -1.24976
Cycle 2: Maxres 4.41e-01 3.04e-01 Runtime 1.08e-01 2.49e+00
The total weight is -1.15745
Cycle 3: Maxres 2.13e-01 7.89e-02 Runtime 2.30e-01 8.06e-01
The total weight is -1.12240
Cycle 4: Maxres 9.70e-02 2.81e-02 Runtime 9.56e-02 8.10e-01
The total weight is -1.10688
Cycle 5: Maxres 3.88e-02 1.14e-02 Runtime 9.18e-02 8.07e-01
The total weight is -1.09918
Cycle 6: Maxres 1.71e-02 4.97e-03 Runtime 1.58e-01 8.26e-01
The total weight is -1.09509
Cycle 7: Maxres 8.47e-03 2.26e-03 Runtime 1.47e-01 8.03e-01
The total weight is -1.09284
Cycle 8: Maxres 4.21e-03 1.06e-03 Runtime 1.53e-01 8.16e-01
The total weight is -1.09158
Cycle 9: Maxres 2.11e-03 5.06e-04 Runtime 1.36e-01 8.08e-01
The total weight is -1.09085
Cycle 10: Maxres 1.06e-03 2.48e-04 Runtime 1.39e-01 8.06e-01
The total weight is -1.09044
Cycle 11: Maxres 5.31e-04 1.24e-04 Runtime 2.37e-01 8.11e-01
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Resetting the PRNG seed makes the HSM iteration converge.
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We sample volume sources uniformly.

lim
N→∞

N∑

i=1

wi =

∫

D

∫

S2
q dΩdx , (28a)

∫

D

∫

S2
q dΩdx ≈ V

N

N∑

i=1

q(xi,Ωi) , (28b)

V =

∫

D

∫

S2
dΩdx , xi = U(D) , Ωi = U(S2) . (28c)
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We sample boundary sources uniformly.

lim
M→∞

M∑

i=1

wi =

∫

∂D

∫

Ω·n<0
|Ω · n|ψinc dΩdx , (29a)

∫

∂D

∫

Ω·n<0
|Ω · n|ψinc dΩdx ≈ S

M

M∑

i=1

|Ωi · n|ψinc(xi,Ωi) , (29b)

S =

∫

∂D

∫

Ω·n<0
dΩdx , xi = U(∂D) , Ωi = U(Sh) . (29c)
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The iteration converges when the relative difference of successive
iterates falls below a user-provided threshold, η.

max
j

(
|ϕ̂(i−1)

j − ϕ̂(i)j |
ϕ̂
(i−1)
j

)
< η , j = 1, . . . , |T | , (30)
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The error in the two scaling studies is computed differently

Element scaling study error =
||ϕ̂− ϕ̄||2
|T | , (31a)

Particle scaling study error = ||ϕ̂− ϕ̄||2 . (31b)
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Our code is only 5500 lines, not including dependencies.

Lines of code Filename

20 wkt conduction.h
22 wkt mmsvars.h
26 system.c
37 eval.c
39 wkt sources.h
57 wkt runvars.h

481 write.c
746 hyr.c
1621 psmm.cpp
2463 mc.c
5512 total

Version Library

1.14.3 hdf5
2.33.0 hypre
1.0.0 irep
5.4.6 lua
5.1.0 metis
4.6 mfem

4.40.3 parmetis
5.3.0 superlu
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The UMC variance is highest in the optically-thick material.
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The HSM variance is highest at the inflow boundary.
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