A Hybrid Second Moment Method for Thermal Radiative

Transfer
M&C 2025

M. Pozulp!3, T. Haut!, P. Brantley!, S. Olivier?, J. Vujic®

ILawrence Livermore National Laboratory
2Los Alamos National Laboratory
3University of California, Berkeley

April 29, 2025

This work was performed under the auspices of the U.S. Department of Energy by Lawrence Livermore u Iﬂawren(l:e Livermore
National Laboratory under contract DE-AC52-07NA27344. Lawrence Livermore National Security, LLC atlona Laboratory




We describe a new method that did not immediately work.

Hybrid Second Moment Method
Numerical Results
Noisy Crooked Pipe
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We needed variance reduction.

Hybrid Second Moment Method
Numerical Results

Noisy Crooked Pipe
Variance Reduction
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Fixing the noise issue created a new problem.

Hybrid Second Moment Method
Numerical Results

Noisy Crooked Pipe
Variance Reduction
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We fixed that problem too.

Hybrid Second Moment Method
Numerical Results

Noisy Crooked Pipe
Variance Reduction

Correct Crooked Pipe
Conclusion
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Hybrid Second Moment (HSM) solves a linear transport equation.

Q-Vy+ow =" [ pd+g
S2
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Subject to an inflow boundary condition.

Q-v¢+atw=2—; YdQ +q,
SZ

(1a)

V(x, Q) = Yine(x,92), x€IDand 2-n<0. (1b)
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This system is an equivalent reformulation of egs. (1a) and (1b).

V'J+O-a§0:Q07 xeD,

1
sVeta =Q -V T, xeD.

1
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We compute the scattering using ¢ from the moment system.

Q- VY o= "p+q,
4
P(x,Q) =1(x,Q), xcdDand 2-n<0.
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We estimate T and S using Monte Carlo.

Q- VY ro="p+q,
A7
P(x, Q) =P(x,Q), x€IDand 2-n<0.
T() = [0 Q@ QpdQ — L [, ¢ dQ
B) = fo 10| dQ — § [, ¢ dQ
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We solve the moment system using the finite element method.

Og V'J+O';1S0:Q07 X€D7
Q-WJJrUﬂ/):Equ,

%V¢+gtJ:Q1—V~T, xeD,

P(x,2) =9P(x,2), x€dDand 2-n<0. J-n=1Lp+27,+8, xedD.
T(¥) = [ Q® Qe dQ — 31 [, ¢ dQ
5(¢):f§2\ﬂ~n|¢dﬂ—%fS2wdQ
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We iterate to converge the scattering source.

¥

— T

Q VI/)+ 1/) Osg + V'J+O'CLS0:Q07 X€D7
. o —_ s
t arP T %Vgﬂ+atJ=Q1—V'T7 xeD,

P(x, Q) =P(x,Q), x€IDand 2-n<0. Jon=Llo+25,+8, xedD.
T() = [0 Q@ QpdQ — L [, ¢ dQ
B¥) = Js Q0|9 dQ — 5 [o ¢ dQ
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The Crooked Pipe is commonly used for comparing methods.

thin I thick
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We use a mesh of squares of equal size.

-, .=
L

thin B thick 294 % 128 — 28, 672
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The horizontal symmetry of CP allows top/bottom plots.

Treatment

Control
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Our method is much more noisy than unaccelerated Monte Carlo.

- 1.986

l 1.490

- 0.9931

-0.4966
-6.015e-05

-1.819

l 1.365
-0.9098
-0.4549
-2.579e-05
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The rest of this talk is about variance reduction.

Hybrid Second Moment Method
N cal Resul
Noisy Crooked Pipe

Variance Reduction

Correct Crooked Pipe
Conclusion
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The thick diffusion limit is when ¢ € (0, 1] — 0.

o= 1/e,

(3a)
(3b)
(3¢)

(3d)
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The variance depends on the magnitude of the source function.

Let Q = T2 + q such that,

Q- Vi +o)=Q.

Then Var[-] is,
(order(Q))*e.
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Compute the deviation of the intensity from isotropy.

Substitute ¢ = = + Y into:

Os
va+at¢zg¢+Q7

to get,

~ ~ 1
Q-V¢+at¢:—ﬂ(0ag0+ﬂ-V<p)+q- (4)
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The new solution is incorrect on material interfaces.

-1.771

I 1.328

-0.8855
-0.4428

-0.0001127

-1.819

l 1.365
-0.9098
-0.4549
-2.579e-05
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Modify the approach by replacing ¢ with ¢.

Before, we substituted ¢ = = + U to get:

S |
Q-V@b—l—at@b:—ﬂ(aagp—l—ﬂ-V@)—l—

Now, substitute 1) = % + 1) to get:

0Vitod =T (o - )~ loup + 92 VE) +a. (5)
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How should we choose ¢ ?

Requirements:

1. Vi is well-defined

2. p—pis O(1/ay)
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Solve a transient heat conduction equation for ¢.

Requirements:

1. V@ is well-defined

2. 0—@is O(1/ay)

ot

Take one timestep,

At 1

——
h? maxy o;

< 1.

O 1
ﬁ:V-J—V@, xeD, (6)
t

(7)
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The solution on material interfaces is no longer incorrect.

- 1.761

I 1.321

-0.8804

-0.4402
-7.189e-05

-1.819

I 1.365
-0.9098
-0.4549
-2.579e-05
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The noise is gone, and the solution is not incorrect.
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Our method runs very fast.

Runtime
HSM  Om 22s
UMC 41m 35s
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The figure of merit is much higher for HSM than for UMC.

Runtime Variance FOM
HSM Om 22s 3.66-10"* 124.2

UMC 41m 35s 5.20-107° 7.7
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We conclude that our hybrid method seems useful.
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Could it be competitive with DDMC?

HSM DDMC

Orders of magnitude speedups

No diffusion approximation

No phase-space partitioning

No issues with unstructured meshes

No iteration

No linear solver

No negative energy-weight
Demonstrated in production calculations

X X X X NSNS S

CANAX X X X
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Disclaimer

This document was prepared as an account of work sponsored by an agency of the United States government. Neither the United States government
nor Lawrence Livermore National Security, LLC, nor any of their employees makes any warranty, expressed or implied, or assumes any legal liability or
responsibility for the accuracy, completeness, or usefulness of any information, apparatus, product, or process disclosed, or represents that its use
would not infringe privately owned rights. Reference herein to any specific commercial product, process, or service by trade name, trademark,
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recommendation, or favoring by the United States government or
Lawrence Livermore National Security, LLC. The views and opinions of authors expressed herein do not necessarily state or reflect those of the United
States government or Lawrence Livermore National Security, LLC, and shall not be used for advertising or product endorsement purposes.
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Extra slides.

Lawrence Livermore National Laboratory NYSE, =
LLNL-PRES-2005149 A VA W3



We describe a new hybrid method that did not immediately work.

Noisy Crooked Pipe

Correct Crooked Pipe
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Can we make Monte Carlo faster without sacrificing accuracy?

= Why Monte Carlo? Progress Porting LLNL Monte Carlo
Transport Codes to the AMD Instict

m Why IMC? MI300A APU at 1:25 PM today in
Special Session on GPU Computing

® Why not RW?

® Why not DDMC?

Why not Cooper, Lam, Novellino,

Park, Pasmann, Willert, or any other . EL EnplTn"

hybrid methods?

ADVANCED SIMULATION & COMPUTING

linl.gov/article/52336/lInl-dedicates-el-capitan-ushering-new-era-

supercomputing-national-security
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Hybrid Second Moment (HSM) solves a linear transport equation.

Q-V¢+th:Z—; bdQY +q, (8a)
SZ

(X, Q) = Yine(x,2), x€IDand 2-n<0. (8b)
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This system is an equivalent reformulation of eqs. (8a) and (8b).

V-J+o,0=0y x€D, (9a)
1
§V<,0-|-O'tJ:Q1—V'T, xeD. (9b)
1
J°n:§g0-|—2J;n-|—6, x €dD. (9¢)
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The Second Moment Method iterates the scattering source.

2

—

Q- V6 + o 2 V-Jd+o,p=0Qy, x€D,
. o [ ,
¢ 47TSD 1 %V(,O—FUtJ:Ql—V'T, XGD,

P(x, Q) =9Y(x,Q), x€dDand 2-n<0. Jon=1lp+25,+8, xcaD.
T(¥) = [ 202y dQ - 31 [, v dQ
B) = fo |- n[vdQ2 — § [ ¥ dQ
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The deterministic component of HSM solves the moment system.

Find (¢,J) € Y, x RT, such that,
/uV-de+/aaug0dx—/uQ0dx, Yu ey, (10a)

1 2
—/V-vcpdx+/atv-de+/ (v-n)(J-n)ds:/v-Qldx—/ v-Tnds
3 3 Iy Ty

2
+3/11b(v'n)(QJi"'f_ﬁ)ds_/ro [[U]]'{{Tn}ds—l—/vhv:de Vv € RT, .

(10b)

Lawrence Livermore National Laboratory NIYSE
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The Monte Carlo component of HSM has no scattering events.

Estimate T = P — 114

A 1 R 1
(ﬁ:V;di’wi, P:V;Qi®ﬁidiwi7 (lla)
~ 2 ~ 2 W;
B=— i s = — . 11b
AZZ:“’ ¢ Azi:|ﬂi-n| (1)
While solving:
Os
Q-VY o= oty (12a)
V(x, Q) = Vine(x,2), x€IDand 2-n<0. (12b)
Lawrence Livermore National Laboratory NYSE 3
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Using MC allows us to move fixed sources out of the iteration.

(5(0) ri‘(O)

11
while not converged(gb i—1) qﬁ ))

(z 1)
(10 <_ Sm(QOa Qb 3
d)temp, Ttempv ﬁtemp — mc( )

Qg(l) < Qg(o) + Qgtemp
T(l) - T(O) +Ttemp
B(Z) < B(O) + Btemp
11+ 1

10: end while

11: return ¢(®

B0 me(g, Yinc)

)

SANE -

© e N

> Sample the fixed sources g and Yjnc

> Sample the variable source Z—Snp(i)
s

Lawrence Livermore National Laboratory
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The HSM error surface height is lowest in the north-east.

Inverse element width

26 4

25,

24,

23,

22,

Particle
scaling —=——p
study
Element
scalin,
Direction /' stu(iyg

of decreasing
numerical error

48 49 4‘10 4‘11 4‘12 4‘13 4‘14
Number of MC particles

The HSM error is:
O(h) + O(N_1/2)

Lawrence Livermore National Laboratory
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We verified HSM using the Method of Manufactured Solutions.

1
Ymms(x, Q) = = ( sin(7z) sin(ry) + Q. Qy sin(27z) sin(27y)
™

+ 02 sin (%ﬂx + I) sin (%Ty + E) + 0.5) . (13a)

4 4
s = [ s, 52) 2. (13b)
s ) 1 U s () (130)
Pmms (21, T2, Y1, Y2) = / / Pmms(x) dy dz. 13c
((x2 —21) (W2 — 1)) Jay Sy
Lawrence Livermore National Laboratory NYSE =
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The MMS solution that we seek with HSM is a histogram.

Lawrence Livermore National Laboratory NIYSE
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We observed the hypothesized error for the MMS problem.

" -—- 1/VN
8 2[L
=
mzq
[aN
—
272
273
4‘8 4‘9 4‘10 4‘11 4‘12 4‘13

Number of MC particles

L2 Error

2;6 2;0 2‘74 2‘73 2‘72
Element width
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HSM is faster than unaccelerated MC (UMC) in the TDL.

Thick Diffusion Limit (TDL):

1071 \\\ ® UMC
~
_ \\\\ + HSM7 o — ot /€, (14a)
—10° S == 1/
g \‘\\ / 0o — €04, (14b)
= ® S
= 10° L4 ° \‘\\ Os = 01— 0q, (14¢c)
~ ° o
n ® o - q— €q, (14d)
L L XX R L LN + 2o ** for the TDL parameter € € (0, 1], and let:
10~ 10-3 102 10~ 10°
TDL Scaling Parameter € e—0. (14e)
Lawrence Livermore National Laboratory NA'&” 45
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The Crooked Pipe is commonly used for comparing TRT methods.

(0,2) Vacuum

1.5 cm
Z
E <
2 £ 1 cm
k]
2

1.5 cm

(0-2) Vacuum (7-2)
2.5 cm ‘3 mm‘ 1 cm 5 mm‘ 2.5 cm .
oy =02cm™! op = 200cm ™! '
04 = 103 em™1L . o4 = 103 em ™! 224 X 128 - 28, 672
Lawrence Livermore National Laboratory NYSE 4
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The horizontal symmetry of CP allows top/bottom plots.

Treatment

Control

Lawrence Livermore National Laboratory NYSE  #
LLNL-PRES-2005149 RS



HSM is much more noisy than unaccelerated Monte Carlo.

- 1.986

l 1.490

- 0.9931

-0.4966
-6.015e-05

-1.819

l 1.365
-0.9098
-0.4549
-2.579e-05
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The HSM variance is very large in the Thick Diffusion Limit.

10\, —— 1
_ . ¢
= N e e | 600
2 N, —0.5 Var by — )2 15
g | s G~ s S bi-02, (1)
= =1
< where ® is the mean estimate defined by,
E 1077 600
o= 16
S 600 Z bi- (16)
10°° 10t 108 102 107!
TDL Scaling Parameter €
Lawrence Livermore National Laboratory N A‘&” 49
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The rest of this talk is about variance reduction.

Correct Crooked Pipe

Lawrence Livermore National Laboratory NYSE o
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Compute the deviation of the intensity from isotropy.

Substitute 1) = & + ¢ into:

Q- Vo +on=p+q, (17a)
P(x, Q) = Yinc(x,2), x€dDand 2-n<0. (17b)
to get,
~ ~ 1
Q-Vw—l—atzp:—ﬂ(aaap—i—ﬂ-mp)—i—q, (18a)
7 — p(x)
(%, Q) = Yinc(x,2) — 4 X€ 0D and - n <0. (18b)
Lawrence Livermore National Laboratory NYSE s
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This approach requires V¢ and a variable boundary source.

Fixed Variable
Volume q Ecp O(e) O(1/e)
47

Boundary '(,Z)inc 0 0(1) N/A

Volume q —t(oap+Q-Vo) | O) O(1)

P

Bound in - 1 1

oundary  tinc 2 o) oQ)

Lawrence Livermore National Laboratory NA‘S‘% 52
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The new variance Var|fnew] is < Var[¢] in the TDL (¢ < ¢ 1).

107! . 1079
& g
] =
—
. <

i 1073 = 10714
o [
8 o
< [¢D)
= =

=107 E 107134
: ;

105 107t 10 102 107! 105 1074 1008 102 107!
TDL Scaling Parameter e TDL Scaling Parameter e
Lawrence Livermore National Laboratory NYSHE 53
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The new solution is incorrect on material interfaces.

-1.771

I 1.328

-0.8855
-0.4428

-0.0001127

-1.819

l 1.365
-0.9098
-0.4549
-2.579e-05
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Modify the approach by replacing ¢ with ¢.

Before, we substituted ¢ = 2 + ) to get:

~ ~ 1
Q'Vw—i-gt?,/):—ﬂ(%@‘i‘ﬂ'v@)*‘q’ (192)
7 o e(x)
(%, Q) = Yinc(x, Q) — 4 X€ 0D and 2 -n <0. (19b)
Now, substitute 1) = £ + 1) to get:
1
Q- Vi/)+0't¢— (90 #) = - (0ap + Q- VO) +q, (20a)
- o P(x)
(%, Q) = Yinc(x, Q) — 0 XE€ OD and 2 -n<0. (20b)
™
Lawrence Livermore National Laboratory NA'&” 55
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Choose ¢ such that V¢ is well-defined and ¢ — ¢ is O(1/0y).

Fixed Variable
Volume q Z—;cp O(e) O(1/e)
Boundary  inc 0 O(1) N/A
Volume q — i (oap + Q- Vo) O(e) 0(1)
Boundary  tinc . o(1)  0(1)
4
Volume q (o —0) — ﬁ(oago +Q-Vp) | Oe) 0O
Boundary  inc —ﬁ o(1) 0(1)
Lawrence Livermore National Laboratory N“S‘% 56
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Solve a transient heat conduction equation for ¢.

Take one small timestep such that,
At 1

h? maxy oy

(21a)

(21b)
(21c)

(22)

Lawrence Livermore National Laboratory
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Discretize space using discontinuous finite elements.

Find ¢ € Y), such that,

;/de—/rb (Utw) nds—i—/Vu S Vpdx
SR R e e
—a/rbgo@vu-n)ds—k/ {{}llalt}}gouds Vuey,. (23)

Lawrence Livermore National Laboratory NIYSE
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Discretize time using backward Euler.

Let ® contain L? dofs for @. Then,

do
Backward Euler is,
(I)n—i—l — P _—
M——=—-K® . 25
- +f (25)
Thus,
(M 4+ AtK)®" T = MO" + At f . (26)
Define parameter « such that,
At = ah? (max O't> . (27)
X
Lawrence Livermore National Laboratory Mgmsﬁ’?, 50
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The solution on material interfaces is no longer incorrect.

- 1.761

I 1.321

-0.8804

-0.4402
-7.189e-05

-1.819

I 1.365
-0.9098
-0.4549
-2.579e-05
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The generalized variance reduction fixes the noise issue.
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The figure of merit is much higher for HSM than for UMC.

Runtime Variance FOM
HSM Om 22s 3.66-10"* 124.2

UMC 41m 35s 5.20-107° 7.7

Lawrence Livermore National Laboratory NIYSE o
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Could HSM be competitive with IMD or DDMC?

HSM DDMC

Orders of magnitude speedups

No diffusion approximation

No phase-space partitioning

No issues with unstructured meshes

No iteration

No linear solver

No difference formulation

Demonstrated in production calculations

X X X X NSNS S

LAUNAX X X N
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Conclusion: the HSM method described in this talk seems useful.
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The future work for HSM is a path to production calculations.

1. time dependence, ¥ (x, Q,t)
2. frequency dependence, 1(x, €2, t,v)
3. 1D Spherical, 2D RZ, and 3D

&

hydrodynamics coupling
physical scattering
graphics processors

spectral line transport

© N o o

high order

Progress Porting LLNL Monte Carlo
Transport Codes to the AMD Instict
MI300A APU at 1:25 PM today in
Special Session on GPU Computing

EL CAPITAN

Py ———
ADVANCED SIMULATION & COMPUTING

linl.gov/article/52336/lInl-dedicates-el-capitan-ushering-new-era-

supercomputing-national-security

Lawrence Livermore National Laboratory
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Only 8% of the HSM runtime

is in the deterministic component.

/hyr

Total samples: 23653

Focusing on: 23653

Dropped nodes with <= 118 abs(samples)
Dropped edges with <= 23 samples

p3651

6683 (28.3%)
of 20745 (87.7%)

2912 102 800 k:ﬁé@

145

Lawrence Livermore National Laboratory
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The HSM iteration converges quickly.

defaults='

runvars.convergence_criterion = 0.001;

runvars.num_bdr_src_particles = 16e6;
runvars.num_vol_src_particles = 16e6;
runvars.mesh = [[lcp5.mesh]];
runvars.output_root_filename ="
srun -n112 . /hyr Icp.lua -e " $defaults
[[hsm_lcp_16e6_16€6]]"

Running lcp5.mesh-16000000-16000000 (mesh-np)
The total weight is 0.50005
The total weight is -1.50598

Cycle 1: Maxres 0.00e+00 0.00e4-00 Runtime 8.96e-01 4.78e+-00

The total weight is -1.24976

Cycle 2: Maxres 4.41e-01 3.04e-01 Runtime 1.08e-01 2.49e+00
The total weight is -1.15745

Cycle 3: Maxres 2.13e-01 7.89e-02 Runtime 2.30e-01 8.06e-01
The total weight is -1.12240

Cycle 4: Maxres 9.70e-02 2.81e-02 Runtime 9.56e-02 8.10e-01
The total weight is -1.10688

Cycle 5: Maxres 3.88e-02 1.14e-02 Runtime 9.18e-02 8.07e-01
The total weight is -1.09918

Cycle 6: Maxres 1.71e-02 4.97e-03 Runtime 1.58e-01 8.26e-01
The total weight is -1.09509

Cycle 7: Maxres 8.47e-03 2.26e-03 Runtime 1.47e-01 8.03e-01
The total weight is -1.09284

Cycle 8: Maxres 4.21e-03 1.06e-03 Runtime 1.53e-01 8.16e-01
The total weight is -1.09158

Cycle 9: Maxres 2.11e-03 5.06e-04 Runtime 1.36e-01 8.08e-01
The total weight is -1.09085

Cycle 10: Maxres 1.06e-03 2.48e-04 Runtime 1.39e-01 8.06e-01
The total weight is -1.09044

Cycle 11: Maxres 5.31e-04 1.24e-04 Runtime 2.37e-01 8.11e-01

Lawrence Livermore National Laboratory
LLNL-PRES-2005149
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Resetting the PRNG seed makes the HSM iteration converge.

0.01251 € No seed reset

®  Sced reset

0.01001

0.00757

0.00501

0.00251

Convergence criterion

0.0000 1

2 4 6 8 10 12 14 16 18
Cycle number

Convergence criterion

1072<

1074

107

10~11 ]

10—14<

€ No seed reset
@

Seed reset

2 4 6 8 10 12 14 16 18
Cycle number
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We sample volume sources uniformly.

1 i Q
Ngnoozw //S2qd dX
V
qudX%— qu,Qi >
L] N; (i, €2)

Vz//dex, x; =U(D), Q;=U(S?.
D JS2

(28a)

(28b)

(28c)
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We sample boundary sources uniformly.

M
lim w':/ / Q - n|Yin dQdx, 29a
Mﬁoo; " Jop Q~n<0‘ i (292)
S M
/ / |2 nfthinc dQdx ~ — > | - nfthinc(xi, ) (29b)
oD Q-n<0 M i=1
S = / / dQdx, x;, =U(9D), Q, =U(Sy) . (29¢)
oD JQ2-n<0
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The iteration converges when the relative difference of successive
iterates falls below a user-provided threshold, 7.

2(i-1) _ (i)
max(%><n, i=1...,Tl, (30)
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The error in the two scaling studies is computed differently

19 — oll2

T (31a)

Element scaling study error =

Particle scaling study error = ||¢ — ¢||». (31b)
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Our code is only 5500 lines, not including dependencies.

Lines of code

Filename

20
22
26
37
39
57
481
746
1621
2463
5512

wkt_conduction.h
wkt_mmsvars.h
system.c

eval.c
wkt_sources.h
wkt_runvars.h
write.c

hyr.c
psmm.cpp
mc.c

total

Version Library
1.14.3 hdf5
2.33.0 hypre

1.0.0 irep
546 lua
5.1.0 metis
46 mfem
4.40.3 parmetis
5.3.0 superlu
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The UMC variance is highest in the optically-thick material.

5.1966-05
I 3.897e-05
2.598-05

- 1.299e-05
-2.387e-10
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The HSM variance is highest at the inflow boundary.

- 0.0003666

0.0002750
-0.0001833
-9.166e-05
-1.323e-13
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